ABSTRACT. This paper characterizes certain geometric intersection problems in terms of bordism obstructions.
0. Introduction. Suppose P and Q are cosed manifolds (smooth or PL) embedded or immersed in a manifold M. We give two techniques for changing the intersection of P and Q in M by ambient isotopy or regular homotopy of Q. The first, generalizing lemmas of Stallings and Wall, characterizes the dimensions in which modifications of P n Q (for example, making P and Q disjoint) by homotopy of Q c» M are realized by ambient isotopy or regular homotopy of ß c_> M. The second method, generalizing the classical Whitney procedure for cancelling pairs of isolated double points, characterizes the possible changes in P n Q in terms of a bordism group for a metastable range of dimensions. As a particular case, when P and Q are sufficiently highly connected, the bordism group is the ^-dimensional framed bordism group of the loop space of M, where k = dim(P n Q). For example, in the classical case k = 0 this gives the integral group ring Z[7TjM]. A similar but more complicated bordism invariant is obtained for the problem of modifying self-intersections of an immersion of Q by regular homotopy.
In view of applications to parametrized versions of the /¡-cobordism theorem and surgery theory, we consider in the final section the situation when P, Q, and M are fibered over some manifold, with all immersions, embeddings, etc., fiber preserving. We show in this case that the fibered theory is identical with the unfibered. As an immediate simple application we give some remarks on sections of metastable PL and vector bundles.
Since this paper was written, we have discovered that it overlaps two theses BORDISM INVARIANTS OF INTERSECTIONS OF SUBMANIFOLDS 329 H~1(P) = 0, but there may be isolated intersections of H~1(P) with the shadows of top dimension cells of 2//, which consist of immersed double points. If p < m -1, then in general position H~l (P) will intersect the shadow of at most one of each pair of double points-just move H~1(P) slightly near one double point of each pair-and, after excising from "LH small neighborhoods of these isolated double points whose shadows intersect H~1(P), we can proceed as before.
Finally, if p > m -1 and m > q + p/2 + 1 then m > 2(q + 1), so "Lu consists entirely of isolated double points. In general position no two of these double points will lie on the same level Q X {s}, and H itself will be the desired isotopy. D Theorem 1.1 implies that in the given dimension range if an embedding or immersion is homotopic to a map disjoint from a submanifold, then it is isotopic or regularly homotopic to a disjoint map. We next give a proposition showing this statement remains valid for immersions outside this range, and an example to show it generally fails for embeddings.
Proposition.
Suppose iQ:Qq-^-Mm and ip:Pp-+Mm are immersions and Q is closed. If q + m -1 and ig is homotopic to a map disjoint from P, then it is regularly homotopic to an immersion disjoint from P.
Proof. Let H be the homotopy, with H0=iQ and Jr71(ß)nP = 0.
The derivative of Íq gives an injective bundle map di^ : tg -► tm covering Íq. Since homotopic bundles are isomorphic, we get a homotopy of bundle injections covering H. In particular, over Q X {1} we get H1: Q -► M -P covered by a bundle injection b: tg -► Tm-p-^v the immersion classification theorem [2] , [3] if q < m -1, H1 is homotopic to an immersion i¿ in M -P with derivative homotopic to b. Considered as an immersion in M, however í'q is homotopic to i\, and has a covering homotopy of the derivative. By the classification theorem again the two immersions are regularly homotopic, provided q < m -2. If q = m the result is trivial. D 1.3. Example. There are embeddings I,: SkXS"X S'^S1 X S2k XS"XS! and i2: S2k XS"-+S1X S2k XSnX S> for all n>0,j> 0, and k > 1, such that I. is homotopic to a map disjoint from /2,but i2 is not homotopic to a map disjoint from i1. This example, a generalization of one of Laudenbach [5] , satisfies all but the dimension requirements of 1.1 with ij = íq, i2 = ip, and N = 0. The conclusion of 1.1 for the case of embeddings and ambient isotopies fails, since the inverse of an ambient isotopy of /, off i2 would give a homotopy of i2 off /j. In the notation of 1.1 we get an example for every p and q with m < q + p/2 + 1, m -p> \, and m -q > 2.
Construction of 1.3. Let z2 be the standard inclusion of a factor. For ix map Dk+l in S1 X S2k by taking the disc around the S1 factor to intersect itself in an arc. This gives a "self-linked" embedding of dDk+l = Sk. Explicitly 7! is obtained as follows: S1 X S2k D S1 X Ck, Ck D Rk DDk, and S1 is considered as S'CC. Now on Dk X I define L by
Now define /j = it X 1 n f. By construction (using the disc Dk+1) it is s X s homotopic to projection on S" X S} composed with an inclusion as a factor. By including over a different point in S* from that used for i2, this is clearly disjoint from ij.
Next we show i2 is not homotopically disjoint from ix. The universal cover of S1 X 52fc is RX52fc, and the inverse image of the disc used to construct i1 is a "chain" of discs. For D2k C S2k, R X D2k = RXDkXDk, and these discs can be described by is homotopy equivalent to the standard map Sk X Sk -► S2k of degree one. Now a homotopy of i2 disjoint from ix would, after lifting to the cover and folding, give a lift of the map S2k X S" ->52fe X Sn X S' to Sk X Sk X Sn X Sf.
In particular, it would give a right inverse for the map Sk X Sk -► iS2fc. This is impossible because, among other things ir2k(S2k) is infinite, while n2k(SkXSk)-2ir2k(Sk) is always finite. which is universal in the sense that if h j : X -► P, h2 : X -> Q are maps, and a homotopy /Tij ~ gh2 is given, then there is a natural map /: X-*E(f, g) so that Aj =/£/, A2 =gEj, and the homotopy from fht to gft2 is / composed with the homotopy from ffE to gg¿. For example, if /, g are transversal maps of manifolds, then there is a natural map / iTi g -► E(f g).
Next we define "framed bordism with coefficients in a bundle". Let X be a space with a (PL or vector) bundle £ over it. Define £l£(X; £) to be the bordism groups of manifolds mapping to X, together with a stable bundle isomorphism of the normal bundle with the pullback of £. This is natural with respect to maps covered by stable bundle maps. The example which will arise is i2£r(F(/, g); vp ® Vq ®tm). The indicated bundle is a shorthand for fE vp ® gE vG ® fBf tm (v and t are normal and tangent bundles respectively). Generally to simplify formulas we will omit notation indicating pullback of bundles.
If % is a ^-dimensional bundle over X, and e the trivial bundle, then &*(X; %) -lim 7T, +/-7(| ® e'~k). This is a version of the usual Pontrjagin-Thom theorem (T denotes Thorn spaces). Thus the group depends only on the fiber homotopy type of %. Proof. The universal property of E(f g) gives a map of /fp g to E(f g). Further, the transversal pullback of homotopies of / or g will also map to E(f g) giving a bordism between the pullbacks of homotopic maps.
To obtain the bundle isomorphism data, consider f(f\ g as (fX g)_1(AM), the pullback of the diagonal AM under fXg:PX Q -> M X M. Then there is a natural splitting "/fa" vPxQ®v(f^g,PXQ)-vP®vQ®TM. U If / and g are immersions, the bundles vp® Vq® tm and v(P, M) ® v(Q, M) ® vM are stably isomorphic over E(f g). We will use the second bundle from now on, since it arises more directly from the geometry of the situation. 
Proof of 2.2. (i)
To begin, we put Íq in general position with respect to ip so that ip fp ¡q is embedded in M by ip and Iq ; ip fp iQ can then be identified with ip(P) n Íq(Q). This is accomplished by making P and Q disjoint from the self-intersections of the other in M. For this general position suffices if dim(self-intersections of P) < codim Q or 2p -m < m -q, and dim(self-intersections of Q) < codim P or 2q -m < m -p.
Next, let W be a bordism realizing the equivalence of ip fp iQ and N in Slpfr+q_m(E(ip,iQ)\v(P,M)®v(Q,M)®vM). Thus we have a map H:
WXI-+M restricting to H0: W X {0} -► ip(P) and Ht: W X {1} -► iQ(Q) with H\(ip (f\ ¡q) X I the constant homotopy.
(if) Approximate H0 by an embedding in iP(P) extending the inclusion ip (f\ iG c_> M and disjoint from the self-intersections of P. This is possible if dim W < p/2, dim W + dim (self-intersections of P) < p. Similarly, make Hx an embedding.
(iii) Approximate H by an embedding (with (ip fp ig) X / pinched to ip íp i' c» M) extending H0 and Hl and intersecting iP(P) and ig (ß) only at H0 and Hx. This uses dim(W XI)< m\2 and dimiW X /) < codim P, codim Q. The natural map /: i fp i -* E(i, i)X2W2 will be our characteristic bordism element once some bundle information is included.
Denote the normal bundle v(Q, M) by u, then as before the stable normal bundle of (i fp i) A is naturally isomorphic with the pullback of /* v ® f*v® f*vM from E(i, i). The involution on E(i, i) is covered by the bundle involution / * which interchanges the two factors / * v and f* v, and an involution co of f*vM.
Taking the quotient, we have constructed a stable bundle map Proof. Let W be a bordism of the indicated sort between i (fi i and A^, and let W be its double cover. Suppose first that this is a trivial cover: W = W+ U W_ and Z/2 interchanges the two pieces. Approximate W -► Q by an embedding (keeping i ffi i fixed), then 2.2 applies to a neighborhood Q+ of W+ in Q to isotope it to have intersection A^ with Q -Q+. This gives an immersion with self-intersection N.
A
In the general case when W -► W is not a trivial cover, it is still locally trivial and the theorem will follow by applying the above considerations locally. Put a handlebody structure on (W, i ffi i); then the inverse image in (W, (i (f\ i)A) is a handlebody structure in which disjoint handles are interchanged by the Z/2 (2) We would like to thank the referee for correcting an error in our description of this bundle.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use action. Now we can embed a pair of the lowest dimensional handles disjointly, and use the discussion above to obtain a regular homotopy in a neighborhood of one handle disjoint from the other which moves across the handle. This gives a new situation (W', i' fp i') with one fewer handle. Induction on the number of handles completes the proof. D Remark. The bordism class of iíf\ i in n2frq_m(E(i, i)X2 W2; ([f*v ® f*v] ¡I*)® (f*vMlu>)) is not an invariant of the homotopy class of i, but only of the regular homotopy class. For example, a self-transverse immersion i: S"-*S2" with i (f\ i consisting of one point is homotopic to an embedding but not regularly homotopic to one. (The bordism group in this case is Z or Z/2, depending on the parity of n.) This example also shows that the analogue of 1.1 for self-intersections of immersions is false.
To get a homotopy invariant we would have to allow maps Q -*■ M having singularities. This is the situation studied by Haefliger [1] . Haefliger's theorem presumably would fit into this context by using a relative bordism group to allow for the singularities.
3. Highly connected submanifolds. In this section we elaborate on the bordism invariants of the preceding section when P and Q are highly connected. In particular, the bordism groups will be seen to depend only on M, and not on P, Q, or the immersions ip, Íq. In this case the obstructions for different immersions can be compared, and formulas similar to those of [7, §5] are derived.
If M is also highly connected, the bordism obstruction group collapses tô p+q-mi*)-In this case our results generalize a theorem of Wells [9] . In terms of this involution we have KtQ,ip) = (-i)^-p^m-q)mP,iQ).
The sign comes from permuting v(P, M) and v(Q, M), the loop inverse on A(M, *) -E(*p¡ * ) is induced by interchange of P and Q, and the refraining by co is the result of pulling back the framing of vM over F(* , * ) from iP(*p) rather than ig(* ).
Change of one of the choices of orientation at *p>*0»or * just changes the sign of \(iP, ig). We sum all this up as a proposition. with 9 of (graded) degree -1.
Proof. We first define the map 9 using the representation W2 = S°° = Ufc Sk. If /: X -» A(Af, *) X 2 R/2, b : vx -» yk ® e/co represents an element of the self-intersection group, then the image of / lies in some A(M, *)X2 S1. Contained in A(Af, *) X2 Sl is A(M, *)X2 S'~x as a subspace with neighborhood the total space of the line bundle y. Then 9 [X, f, ft] is defined to be the transversal pullback of this subspace. Note that the number of copies of y in the normal bundle increases by one.
The proof of exactness is straightforward. Note that the group in which the coefficient of a lies depends on C0j(a), so this is not actually a group ring.
4. Isotopy and regular homotopy of subbundles. In this section we consider fiber regular homotopy (isotopy) of fiberwise immersions (embeddings) of differentiable or PL bundles.
To fix notation, we suppose EM, Eq, Ep are smooth or PL locally trivial fiber bundles over a compact manifold Rk. The fibers are Mm,Pp,Qq respectively, and we assume P, Q closed. ip:Ep->EM and ¡q'-Eq->EM are bundle maps which are immersions (embeddings) in each fiber. Proof. As in 2.1, even a homotopy of ig to such a map implies vanishing of the invariant. For the converse we construct a fiber homotopy and apply 4.1.
Let W be a bordism from ip (ft Íq to N trivial over 9 (ip ffi ig). Then we have maps jp: W->EP and /gX/: W-^Fg X / with /gx/(^o * {0}) = ip <fi Íq, Íqxj(Eq X {1}) = N, and we have a homotopy h: ipjp -igïï/gx/ constant on ip <f\ Íq, where n: EqX I-»-Fg denotes the projection. All this data is trivial over 9(ip <f\ ig).
We first change jp and h so they are fiber preserving with respect to ttm . The composition irMh is a homotopy 7rp/p -ttqïïJqXI, so in the diagram )p W X {0}-► Ep
WXl >R ■ we can apply the homotopy lifting property for 7rp to get a homotopy of jp to jp with TTpjp = iïq1TJqXI. Homotopy-composing this homotopy with the inverse homotopy of h, we obtain a homotopy from iP/P to igtf/gx/ whose projection is (-iiMh) • (iiMh). This homotopy is homotopic to the constant homotopy, so applying the lifting property for nM we get h': ipj'p -ig7r/gX/ with TTMh' the constant homotopy. All this can be done preserving triviality on ip ffi ig U 9(ip ffi ig) X /.
We can assume jQXI is an embedding (since dim W< Vi dim(Fß X /)) with TqTJqxi m general position. Then since dim W< Vi dim Fp, we can approximate the new jp by an embedding in a fiber preserving way. Let /gX/: F ->EqX I be an embedding of a tubular neighborhood of W in Fg X /, with F0=Tqxi(EqX {0}). Let Tm'-f~*em be projection on W followed
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